The mixing effects and the CP (T )-violating formalism for Kaon, B-mesons and similar unstable oscillating systems, are recovered by means of a method based on the properties of the complex singularities in the S-matrix theory with unstable intermediate states.
I. Introduction
Recently, there has been a renewed interest in the theoretical approach to neutral meson systems like K 0 − K 0 , B 0 − B 0 or D 0 − D 0 , due mainly to the planned advances in the experimental methods in DAΦNE project at Frascati (Rome) and BABAR at SLAC (Stanford) to measure their small observables. Therefore, it becomes important to predict carefully these tiny effects. From the most general point of view of non relativistic Quantum Mechanics, the problem consists in defining correctly the position dependent probability which let us distinguish the factorized constituents (K 0 or K 0 for example, but they can be also B 0 or D 0 systems) of the entangled mass eigenstates K L,S or CPeigenstates K 1,2 . In doing so, usually one restricts to a single pole (Lee-Oehme-Yang or LOY) approximation [ 1 ] to describe the temporal evolution of the neutral kaon complex. The controversial point of the validity of this approximation consists in the fact that the characteristic time dependence of the survival probability of any metastable state |φ
can deviate from a pure exponential in the case that the decay energy spectrum
is unbounded, being |ψ E the eigenstate of an effective Hamiltonian: H|ψ E = E|ψ E .
In recent years, such a problem has been discussed extensively in the case of the neutral kaon system [ 2 ] , with controversial results about the eventual physical effects of the regeneration of the physical kaons in the vacuum as due to the off-diagonal quenching of the resonant contributions. Nevertheless, since we are dealing with an approximate theory, it is not surprising that one expects departures from its predictions and an update of the LOY formalism seems needed [ 3 ] . Deviations from the exponential decay law in the time evolution of any metastable system is expected at very short or very long times as compared to the lifetime of the unstable particle [ 4 ] and in dependence of the structure of the prepared initial state [ 5 ] . These basic features can be introduced in the formalism of the density matrix with the generalization of the Liouville master equation which governs the decay and the evolution of the neutral kaon system and, in the same time, can distinguish the factorized constituents K L,S of the entangled state K 0 − K 0 [ 6 ] . An alternative approach expresses the survival amplitude in terms of the relative propagator function and consider the non relativistic limit of the spacetime evolution in terms of the coherent overlapping of two Wightmann expanded wavepackets which somehow mimics the interference effects of two kaons [ 7 ] . This treatment advocated the presence of two different energies and momenta in order to account for the separation between the K S and the K L states. Moreover, the breakdown of the exponential decay law can be noted also in the context of S-matrix scattering field theory [ 8 ] . In this context, the correct treatment of unstable oscillating systems, and our present understanding of the CP -violating effects, seems to be described by several formalisms: including the Wigner R-matrix approach (mainly adopted in nuclear theory [ 9 ] ), the K-matrix technique [ 10 ] , and methods based purely on the framework of the S-matrix perturbation theory [ 11 ] . The correct quantum field treatment of unstable particles within the framework of the S-matrix perturbation theory [ 4 ] , is motivated mainly by the strength to generalize the Breit-Wigner propagator with the inclusion of the resummation of higher order quantum corrections, which often results in several pathologies in gauge field theories. Even though this approach may eventually furnishes gauge invariant results, nevertheless, the perturbation treatment introduces residual threshold terms which become more effective when CP -violating effects are considered [ 12 ] . The advanced features of today experimental methods suggest then to improve the phenomenological assumptions for those observables for which the CP -violating contributions are significant. One of the most sensible physical ground is the entangled K 0 − K 0 interference amplitude. Although, its observables rest inextricably dominated by mixing (i.e. negligible "direct" K → (ππ) I contributions [ 13 ] ), the assumption that, in general, the mixing of elementary particles is independent of the momentum squared of the underlying intermediate channels is more problematic, mainly in the case of the vector modes [ 14 ] . Width effects, for instance, have been suggested as a possible mechanism for generating resonant CP -violating contributions that could provide a window into new physics [ 15 ] . However, the inclusion of the precise q 2 -dependence, usually thought to be small, could have unexpectedly large effects on the extraction of those sensible observables which give significant contributions to CP -asymmetries.
Nevertheless, the usual effective complex mass matrix methods of the narrow width LOY approximation neglects this effect, and also it rests completely unappropriate to implement the notion of the rest frame for an oscillating unstable composite system.
All that, in turn, seems to require an explicit relativistic description of the kaon system, also in order to avoid the phase ambiguities that arise when the superposition of states with different mass and momentum are described in a Galilean invariant form [ 16 ] .
Indeed, the essential content of the time dependent properties of the kaon complex can be introduced without recourse to the S-matrix formalism, by considering simply the subtleties related to the location of the complex singularities in the multiple sheets of the Riemann surface into which the Fourier transform of the propagator can be continued analytically. Such propagator's method has the great advantage to appear natural and indeed independent of various production and decay mechanisms, although it is not immediate to have a model and to solve the ambiguities connected to its complex analytical structure. The propagator formalism for the K 0 − K 0 system [ 17 ] results a rigorous relativistic treatment which arises naturally in the context of quantum field theory. In this paper, we propose to derive some general properties of kaon mixing in some detail, focusing on superweak CP-violating processes and combining the dynamics of the complex pole of the kaon field propagator with the results of the spectral formalism of the time dependent perturbation method.
II. The Kaon Complex Within and Beyond the Wigner-Weisskopf
Narrow Width Approximation.
In this section, we investigate the shortcomings of the Lee-Oehme-Yang theory [ 1 ] of the decay and evolution of the neutral kaon system. It is characteristic of the WignerWeisskopf narrow width approximation that the effective Hamiltonian acts upon a Hilbert subspace in which the exponential decay law is assured in order to generate a dynamical semigroup evolution. The time evolution of the flavour states
and similarly for the mass right-eigenstates
are governed by the matrix elements
where the latin indices denote K 0 , K 0 and the greek letters denote K S , K L , respectively. The evolution matrices U and V are then related by the following similarity transformation
The effective Hamiltonian matrix is determined by eight real parameters, but only seven are physical meaningful because the absolute phase of H 12 or H 21 is meaningless, being the relative phase of |K 0 and |K 0 arbitrary. They can be substituted by the two complex eigenvalues
where, in a general theory,
, and the two complex mixing parameters ǫ S,L are given by:
where
The complex scaling matrix R, which diagonalizes the effective Hamiltonian, is then given by
where a S and a L are fixed only once the eigenvectors normalization is realized and
. In any CP T -invariant theory, H 11 = H 22 and there is only
In this case, we have that
with
These real (m S,L ) and imaginary (γ S,L ) components will define the masses and the decay widths of the H eigenstates K S and K L in the narrow width approximation.
These short-and long-lived particles result then a linear combination of the flavour K
where usually R t is preferably parameterized according to the following relations
After corresponding normalization of the eigenvectors
the impurity parameters can be connected by the simple relations
We remember that the phases of p, q may be altered by redefining the phases of the 
is independent of any phase convention, with z =
is certainly independent of any phase convention and, assuming ∆S = ∆Q rule conserved, it is directly connected to the amount of the kaon semileptonic charge rate
Its experimental value is A SL = (3.27 ± 0.12) · 10 −3 and then the relative phase between M 12 and Γ 12 results (6.53 ± 0.24) · 10 −3 . In the Wu-Yang convention Im Γ 12 = 0, we obtain that
being the superweak phase Φ SW = tan −1 (2z). Another powerful experimental observable, which can determine the CP violation mainly in the B d -meson mixing [ 18 ] , in pair decays
is the dilepton charge asymmetry
However, in the B sector, the situation is still unclear, being z B = The method, we outlined, appears more transparent from a phenomenological point of view, just because its components are expressed directly in terms of observables. Coming back to the specimen situation of the kaon complex, in order to find the structure of the time evolution matrix elements U ij , we need to generalize the relevant analytic properties of the usual quantum theory of the reduced resolvent of a linear operator to the case of a non Hermitian Hamiltonian. Moreover, here, we prefer do not consider a specific dynamical model [ 2 ] and we suppose only to decompose the original non Hermitian Hamiltonian into two non commutating part
where H 0 contains the strong interactions under which the kaons appear as stable particles and where H I is supposed to induce their decay modes into the continuum spectrum of H 0 . If the interaction is small, the time evolution matrix elements can then be derived extracting the poles λ α on the second Riemann sheet and studying the expansion criteria for these poles dominance in the spectral decomposition
where the integration extends over the whole spectrum of the Hamiltonian and ρ ij (λ)
is given by
where G(z) = [zI − H] −1 rigorously must represent the complete reduced resolvent.
Beyond the pole dominance, the details of the result depend of course upon the spectral matrix ρ ij (λ). Nevertheless, a sensible spectrum is expected to be bounded from below and it is possible to normalize the ground state to have the zero energy eigenvalue. The integration range of the spectrum then extends from 0 to ∞. Despite this cut-off, it is evident that the complete time evolution of the system is determined in principle by the positivity requirement of the spectral content of the initial state. The Wigner Weisskopf approximation amounts to assume that the spectrum density ρ ij has simple poles. In this narrow width approximation, the time evolution matrix is then
. Nevertheless, since it is an approximate theory, it is not surprising that, for example, this procedure cannot satisfy exactly the unitarity requirement [ 20 ] , which is essential for the basic interpretation of any theory.
The assumption of constant decay rates, as they arise by the unitarity sum rules [ 21 ] connecting the kaon system with the space of all the decaying final states, then, cannot be justified in an exact sense. In fact, for instance, the modulus of the ratio of the off-diagonal elements
differs from unity and could vary with time [ 2 ] if the time-reversal T -invariance is not a symmetry of the underlying Hamiltonian. In fact, in this case, the condition of reciprocity is not properly satisfied [ 20 ] . Indeed, the inclusion of off-diagonal terms V sl = −V ls in the evolution matrix V, induces a modification both of the time evolution matrix and also of the previous ratio. Assuming a global CP T -invariant propagation, in fact, it becomes
On more general assumptions like causality and analycity, the time dependence of the vacuum regeneration term A = (V sl − V ls )/(V ss − V ll ) can be obtained to study the expansion criteria for pole dominance. The details of the results depend, of course, upon the spectral function ρ ij defined in Eq. (28). If the interacting sector H I of the Hamiltonian is small, there will be two (non degenerate) poles λ α on the second Riemann sheet. At this level of generalization [ 22 ] the time evolution matrix elements are given according to the following expression
where C is a closed curve encircling all the complex eigenvalues of the effective Hamiltonian H and
represents the analytically continued Green's function of the non interacting theory.
III. The Relativistic Treatment of the Neutral Kaon System.
In this section, we reconsider the propagator formalism of the Quantum Field Theory for the scalar mesons mixing, at the basis for the correct approach of the K 0 −K 0 mixing.
In the absence of weak interactions, K 0 and K 0 are eigenstates of the strong interactions and form a degenerate particle-antiparticle pair in flavour state, with a common mass m • (whatever we assume CP T invariance). When higher order weak interactions are introduced, transitions are induced between K 0 and K 0 . Thus, mixing, due to quantum corrections, prohibits the K 0 , K 0 scalar mesons from propagating independently of each other. Consequently, the propagator of the kaon system has to be considered as a 2 × 2 matrix. In other words, since strangeness is not conserved in the kaon decays, we must consider two propagators, one for each sense of strangeness. Therefore, to describe the K 0 −K 0 transitions induced by higher order weak interactions, the essential tools consist in introducing four full dressed kaon propagators:
which can be computed perturbatively using one-particle irreducible self-energy parts
In these expressions, the subscripts •, • correspond to incoming and outgoing eigenstates of the strong interactions K 0 and K 0 . The regularized propagators connecting the K 0 and K 0 states to themselves and to each other can be obtained according to the matrix Dyson equation
where the following matrix notation has been used
If we turned off weak interactions, the bare components of the tree level propagator are given by
In presence of interactions, the full expression for the dressed kaon propagator matrix
Keeping the leading terms, we find
where the dependence of the self-energies on k 2 is implied. The renormalized self-
The subtleties of the higher order terms in the elements of the propagators are relevant only close the (K 0 K 0 ) L resonance. We assume that the pure fields K 0 and K 0 have already been renormalized in the sense that the relevant counterterms have been absorbed into the mass and wavefunction renormalized factors. As a consequence of CP T invariance, the diagonal matrix elements are equal:
whereas the off-diagonal elements ∆ ′ ij are equal only in the case the interactions are all CP invariant. In order to describe the kaon system in terms of uncoupled channels, we
In principle, the matrix propagator
where the effective square-mass matrix is given by
can be brought into a diagonal form
through a k 2 -dependent transformation. We may suppose that the dynamics of the system is governed by the poles λ S,L in the propagator that are the complex solutions deriving from the vanishing of the determinant of the inverse propagator det(λ
This dispersion relation is just the equation which locates the position of poles and let us write the diagonal propagator according to the following expression
Nevertheless, since in our case the coupling is weak, it is sufficient to approximate
In this case,
represents the square of an effective complex mass matrix. It can be diagonalized by a similarity complex transformation R:
where, in brief we obtain
The complex scaling matrix R exists unless both Q = 0 and the off-diagonal elements Λ 12 , Λ 21 are different from zero. The physical fields K L and K S corresponding to the
are combinations of the K 0 and K 0 for which only the diagonal elements of the propagator matrix contain poles in the K L , K S basis. We define the transformation between the physical and flavour pure bases as usual with relations analogous to Eq. (16) . Any invariance of the theory will reflect itself in an invariance of the propagator and then also of the square mass matrix Λ Λ Λ.
The fact that Λ Λ Λ is, in general, momentum dependent does not introduce any additional complications, in practice, since k 2 is always fixed by the on-shell condition of the initial particles. Anyway, the resulting eigen-physical fields are those with a definite propagation behaviour. However, disregarding, at the moment, the complications regarding the higher order differences among the possible schemes of renormalization, for a given s = k 2 , we can write the regularized inverse propagator as
and
In general, Π Π Π (and hence Λ Λ Λ), is momentum dependent. Expanding with respect to the s p pole of the scattering amplitude where ∆
Extracting the leading terms of this Laurent expansion about s p , we can write ∆
It is worth noting that Λ Λ Λ(k 2 ) shares all the properties of the effective Hamiltonian in the description of the kaon system. In particular, CP T invariance requires that Λ 11 = Λ 22
and CP invariance prescribes the equality of the off-diagonal elements Λ 12 = Λ 21 . Thus, the K 0 −K 0 mixing gives rise to CP violation through the effective mass-squared matrix Λ Λ Λ(k 2 ). The basic parameter which characterizes the indirect CP violation induced by the mixing in the kaon system is given by
which is a rephasing invariant quantity and hence physically meaningful.
As a further remark, we can stress that these states of definite mass and lifetime are never more states with a definite CP character. The experimental evidence [ 23 ] in 1964 , that both the short-lived K S and long-lived K L states decayed to ππ, suggests that it is important to consider the CP eigenstates K 1 and K 2 , with the conventional choice of phase. The transformation between the physical and this new basis can be parameterized by means of the impurity complex parameter ǫ which encodes the indirect mixing effect of CP violation in the following form
Moreover, the propagation of this different linear CP -invariant combination of K 0 , K 0 cannot be regarded as physical, in the sense they cannot be directly produced or detected.
A last remark regards the fact that the most general (non CP T invariant or generally k 2 -dependent) transformation between the physical and the bare states involves two impurity ǫ S = ǫ L factors
In fact, the condition that the off-diagonal components of the propagator matrix ∆
contain no poles, will fix ǫ S,L . When the theory violates the CP T invariance and the
is k 2 dependent, we see explicitly that ǫ S = ǫ L and the transformation from the bare to the physical kaons is not a simply rotation. Furthermore, one can note that the physical masses which arise from locating the poles in the diagonalised propagator matrix no longer correspond to exact eigenstates. To lowest order in the quantum corrections the physical mass is given by
, that is the real part of the pole in ∆ ′ •• . Such kind of generalization of the pole mass renormalization scheme has been already outlined in Ref. [ 4 ] in the absence of particle mixing. In case of mass matrices, these conditions have to be fulfilled by the corresponding eigenvalues, resulting in complicated expressions. These relations can be considerably simplified by requiring simultaneously the on-shell conditions for the renormalization matrices. So that, we can state that the renormalized one-particle irreducible two-point functions are diagonal if the external lines are on their mass-shell. The diagonal elements are then fixed such that the renormalized fields are properly normalized, i.e. the residues of their renormalized propagators are equal to one. This choice of field renormalization implies that the renormalization conditions for the mass parameters involve only the
lead to a standard Breit-Wigner form for the propagators. Note that any deviation of the Breit-Wigner form and/or any non linearity in the k 2 -dependence will produce a non-zero off-diagonal element of the propagator matrix even in the physical basis. However, we may simply choose that the self-energies are regularized by requiring that the physical complex pole positions of the matrix elements are not shifted rather to impose the usual on-shell renormalization conditions. Moreover, the inclusion of this formalism in a gauge theory requires the possibility to choose a pole s p which can regularize the self-energies to produce gauge invariant results. In fact, the question of the correct treatment of unstable particles in any underlying theory faced with the problem to select gauge independent observables. Until the dynamics of unstable particles has been described in terms of initial and final asymptotic states, it results unitary and causal.
Nevertheless, this use of on-shell particle configurations becomes misleading if the resummation of the unstable particle self-energy graphs takes into account higher-order corrections. Nevertheless, unitarity relations, like those in Ref. [ 21 ] , which no longer relate real quantities, become unclear with unstable states as interacting particles. Evidently, the problem of gauge dependence with unstable particles needs a consistent computational scheme which could avoid the artifacts of the resummation method. Actually, we neglect the non-resonant parts of the transition amplitudes that is equivalent to consider isolated narrow particles. The resulting Breit-Wigner form of the propagator although, in general, is not enough to preserve gauge invariance, but it is expected to contain the biggest contribution of the absorptive part. Namely, far from the resonant region, the decay rate of the kaon is so small that it is legitimate to use kaons K 0 , K 0 as two asymptotic states of the S-matrix. Within the spirit of the mass-mixing formalism we take the initial widths to be constant, with no explicit functional dependence on mass. Inclusion of such mass dependence, or working with mass rather mass-squared matrix, results in amplitudes changes we expected negligible in the limited energy range one usually works. Of course, this view is not justified for a very short time interval (much shorter than the mean life of K S ). In fact, in this time interval, decay processes cannot be described by the simple complex pole dynamics. Finally, the question that the off diagonal elements of the self energy matrix are momentum-dependent implies that the conventional assumption of constant mixing ratio r(q 2 ) remains questionable [ 22 ] .
